Let B be an o-symmetric convex body in R d , and M d be the normed space with unit ball B. 
Introduction
We refer to [Sch93] and [Zie95] for background information on convex sets and polytopes, respectively. A compact, convex set in R d having non-empty interior is called a convex body. A d-dimensional set in R d which is the convex hull of a finite number of points is said to be a d-polytope.
The origin and the standard scalar product of R d are denoted by o and . , . , respectively. Given a non-empty compact, convex set K in R d , a point x ∈ K, and a vector u ∈ R d \{o} we introduce the support function h(K, u) := max { x, u : x ∈ K} , the width function w(K, u) := h(K, u) + h(−K, u), the supporting set F (K, u) := {x ∈ K : x, u = h(K, u)} of K at u, and the normal cone N (K, 
(K, u)/h(B, u)
is said to be the M d -width of K at direction u. The minimum of w B (K, u) over u ∈ R d \{o} is called the M d -thickness of K and denoted by ∆B (K). A convex body K ⊆ R d is said to be M d -reduced if every convex body K with K ⊆ K and K = K satisfies ∆B (K ) < ∆B (K). If B is the Euclidean unit ball, we arrive at the common Euclidean notions of width, thickness, and reduced body. Reduced bodies can be used for solving extremal problems that involve the notion of thickness. They are also the subject of several open problems; see [Hei78] , [Dek86] , [Las90] , [Las94] , [LM05] , [Ave05] , and [Ave06] . If a convex body To the best of our knowledge, the only non-trivial partial answer to Problem 1 available in the literature is the following result.
is not a Euclidean reduced body.
In this paper we study M d -reduced polytopes. The main results are Theorems 4-6. Corollaries 7, 8 provide a new partial answer to Problem 1, and Corollary 9 presents a characterziation of two-dimensional Minkowski spaces M 2 with regular unit balls. We shall use the following result.
reduced if and only if for every vertex p of P there exists a direction u ∈ R
d \{o} with F (P, u) = {p} and w B (P, u) = ∆B (P ).
For a convex body K ⊆ R d we introduce the quantity 
In view of Theorem 4 it is reasonable to introduce the following notion of antipodality; cf. also [MS05] for other antipodality notions in the geometry of polytopes. For
. Thus, we wish to study strict (0, k)-antipodal d-polytopes for d ≥ 3. We will not pay any special attention to the case d = 2, since strictly (k 1 , k 2 )-antipodal polygons can be described rather easily. Trivially, all d-simplices are strictly (0, k)-antipodal for every k ≤ d − 1. Some further statements on strictly (0, k)-antipodality are given in the following n = 6 n = 8 n = 10 n = 12 n = 7 n = 9 n = 11 n = 13 
It turns out that strict (0, k)-antipodality can be characterized in terms of
The following corollary is a direct consequence of Theorem 4 and Theorem 5.
Corollary 7. Let M d be a Minkowski space with regular unit ball B. Then a d-polytope P with m facets and n vertices is not
It is rather easy to show that for a simple d-polytope with m > d+1 facets and n vertices one has n > m. Thus, in view of Theorem 2 and Corollary 7, we obtain
Corollary 8. For d ≥ 3 no simple d-polytope is a Euclidean reduced body.
For d = 2 a part of Corollary 7 can be extended to a characterization of two-dimensional Minkowski spaces with regular balls.
Corollary 9. The unit ball B of M 2 is regular if and only if all convex quadrilaterals are not M
2 -reduced.
We finish the introduction with some questions that seem to be relevant. 
The proofs
For p, q ∈ R d , we denote by [p, q] the segment with endpoints p and q. The abbreviations int, relint, bd, and aff stand, as usual, for interior, relative interior, boundary, and affine hull, respectively. For a convex body K ⊆ R d , the set DK := K + (−K) = {x − y : x, y ∈ K} is an o-symmetric convex body which is called the difference body of K. If F, K are nonempty compact, convex sets with F ⊆ K, then N (K, F ) stands for the normal cone of K at any relative interior point of F. For non-empty compact, convex sets
, and a vector u ∈ R d \{o} one has
The proof of (1) 
Proof. For simplicity we assume that ∆B (K) = 1. Then from the definition of N (B, x) , which shows the assertion.
Proof of Theorem 4. The sufficiency follows from Theorem 3. Let us prove the necessity. Let p be an arbitrary vertex of P. By Theorem 3, F (P, u) = {p} and w B (P, u) = ∆B (P ) for some u ∈ R d \{o}. We have
Since u ∈ int N (P, p) and u ∈ relint N (−P, F (−P, u)), we deduce that
Finally we have
(by Lemma 10). 
with |λ i | ≤ 1 for i ∈ {1, . . . , d + 1}; see also Fig. 3 
is a supporting hyperplane of P , and the set 1, p 1 , . . . , p d+1 be affinely independent points in R d , and F i be as in the proof of Part I. We will show that the polytope P := conv{p 1 , . . . , p d+2 } with
is strictly (0, d − 2)-antipodal; see Fig. 4 . For i ∈ {2, . . . , d + 1} the sets 
It suffices to prove the assertion of Part III for k = d−1. Let us consider the case d = 3. Given a natural number m ≥ 2, we construct strictly (0, 2)-antipodal 3-polytopes with 2m, 4m − 1, and 4m + 1 vertices. The constructions are illustrated by Fig. 1 given in the introduction.
A regular (2m − 1)-gonal pyramid in R 3 is strictly (0, 2)-antipodal and has 2m vertices. This shows the assertion of Part III for d = 3 and n = 6, 8, 10, . . . .
Let P 0 be a regular (2m − 1)-gon centered at o, and p 0 be any point outside aff P 0 . Then for every 0 < ε < 1 the polytope P := conv P 0 ∪ 1 2 (P 0 + p 0 ) ∪ {−εp 0 } is strictly (0, 2)-antipodal and has 4m − 1 vertices, which shows the assertion of Part III for d = 3 and n = 7, 11, 14, . . . . Now let P 0 be a regular 4m-gon with center at o and consecutive vertices p 1 , . . . , p 4m . We consider the regular 2m-gons P 1 and P 2 with vertices p 1 , p 3 , . . . , p 4m−1 and p 2 , p 4 , . . . , p 4m , respectively. Then for every p outside P 0 and a sufficiently small ε > 0 the polytope P := conv (P 1 − p) ∪ (P 2 + p) ∪ {(1 + ε)p} is strictly (0, 2)-antipodal and has 4m + 1 vertices, which shows the assertion of Part III for d = 3 and n = 9, 13, 17, . . . . Thus, the assertion is verified for d = 3 and every n ≥ 6.
If P is a strictly (0, 2)-antipodal 3-polytope with n ≥ 6 vertices, then any pyramid with base P is a strictly (0, 3)-antipodal 4-polytope with n + 1 ≥ 7 vertices. This remark implies the assertion for d = 4. Iterating the above procedure, we derive the assertion for any dimension d ≥ 3.
IV. We shall use the standard abbreviation vert for denoting a vertex set of polytopes, and card for cardinality. Let P be a d-polytope in R d with d + 2 facets. Then P = T ∩ H + , where T is a simplex and H + is a closed halfspace, and vert T = Q 1 ∪ Q 2 ∪ Q 3 , where
where Q is the set of all vertices of P lying on the edges of T that connect a point of Q 1 with a point of Q 3 . For i ∈ {1, 2, 3} we set n i := card Q i . Hence card Q = n 1 n 3 , and card vert P = n 1 n 3 + n 2 + n 3 .
It can be easily seen that n 3 ≥ 2 and n 1 ≥ 1, since otherwise P would be a simplex, contradicting the assumption. Consequently
and we get the assertion of Part IV. V. It is rather easy to show that in a simple polytope distinct from a simplex the number of vertices is strictly larger than the number of facets. This readily yields the conclusion of Part V.
Proof. Let p ∈ bd K. If for some i ∈ {1, 2} the point p lies in bd K i , then, in view of the inclusion
Then there exist points p 1 ∈ K 1 and p 2 ∈ K 2 and a scalar 0 < λ < 1 such that p = (1 − λ)p 1 + λp 2 . For i ∈ {1, 2} we have p i ∈ bd K i , since otherwise we would get a contradiction showing that p ∈ int K.
We will show that N (K, p) ⊆ N (K 1 , p 1 ). Let u be an arbitrary non-zero vector lying outside
for some
and we have
> 0,
. The latter two statements yield the assertion.
Proof of Theorem 6. The sufficiency follows from Theorem 4. Let us prove the necessity. Assume that a d-polytope P with n vertices p 1 , . . . , p n is strictly
. . , n} we can find a non-singular affine transformation T i such that T i (H) ⊆ DP and q i = T i (p 0 ). In fact, dim N (DP, q i ) = d − k, which can be proved in the same way as (4). Therefore there exists a non-singular linear transformation A i with N (DP, There exists an affine regular hexagon H ε such that I ε := F (H ε , u) is a side of H ε and all sides of H ε touch B ε ; see [Ave03] . . From this observation it can be seen that P satisfies the assumptions of Theorem 3. Consequently, P is M 2 -reduced.
